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a b s t r a c t
In this note we prove a regularity criterion u ∈ Ł 21+r (0, T ; B˙r∞,∞) (−1 < r < 1, r ≠ 0)
for the 3D Boussinesq system with zero thermal conductivity. Here u is the velocity, B˙−r∞,∞
denotes the homogeneous Besov space.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
This note is devoted to the study of the Boussinesq system with zero heat conductivity:
div u = 0, (1.1)
∂tu+ u · ∇u−∆u+∇π = θe3, (1.2)
∂tθ + u · ∇θ = 0, (1.3)
(u, θ)(x, 0) = (u0, θ0)(x), x ∈ R3, (1.4)
where u is the velocity field, π is the pressure, θ is the temperature. e3 = (0, 0, 1)T . The Boussinesq system has important
roles in atmospheric sciences [1].
Chae [2] showed that the 2D system (1.1)–(1.4) has a unique global-in-time smooth solution. Various regularity criteria
were found in a recent paper [3,4]. Fan and Ozawa [5] proved the following regularity criterion:
u ∈ L2(0, T ; B˙0∞,∞), (1.5)
or
ω := curl u ∈ L1(0, T ; B˙0∞,∞).
Very recently, Dong et al. [6] established a regularity criterion in terms of the pressure. The aim of this note is to prove
the following regularity condition:
u ∈ L 21+r (0, T ; B˙r∞,∞), (1.6)
with−1 < r < 1 and r ≠ 0. We will prove
∗ Corresponding author.
E-mail addresses: jinbogeng@zjnu.cn (J. Geng), fanjishan@njfu.com.cn (J. Fan).
0893-9659/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2011.07.008
64 J. Geng, J. Fan / Applied Mathematics Letters 25 (2012) 63–66
Theorem 1.1. Let (u0, θ0) ∈ Hs(R3) with div u0 = 0 in R3 and s > 52 . Let (u, θ) be a local smooth solution to (1.1)–(1.4). If u
satisfies (1.6), then the solution (u, θ) can be extended beyond T > 0.
The following definition can be found in Triebel’s book [7].
Definition 1.1. Let {φj}j∈Z be the Littlewood–Paley dyadic decomposition of unity that satisfies φˆ ∈ C∞0 (B2 \ B1/2), φˆj(ξ) =
φˆ(2−jξ) and
∑





‖2jsφj ∗ f ‖qLp
1/q
for s ∈ R, 1 ≤ p, q ≤ ∞.
2. Proof of Theorem 1.1
This section is devoted to the proof of Theorem 1.1. The proof is based on the establishment of a priori estimates under
condition (1.6).








θ2dx ≤ C . (2.1)










θe3 · udx ≤ ‖θ‖L2‖u‖L2 ≤ C‖u‖L2
which yields
‖u‖L∞(0,T ;L2) + ‖u‖L2(0,T ;H1) ≤ C . (2.2)
Now we assume that (1.6) holds true with−1 < r < 0.
In the following calculations we will use the following inequality [8]:
‖div (u⊗ u)‖L2 ≤ C‖u‖B˙r∞,∞‖u‖H˙1−r , (2.3)
and the Gagliardo–Nirenberg inequality:
‖u‖H˙1−r ≤ C‖∇u‖1+rL2 ‖∆u‖−rL2 . (2.4)










div (u⊗ u) ·∆udx−
∫
θe3 ·∆udx
≤ C‖u‖B˙r∞,∞‖u‖H˙1−r ‖∆u‖L2 + ‖θ‖L2‖∆u‖L2









‖u‖L2(0,T ;H2) ≤ C
and thus
‖u‖L2(0,T ;L∞) ≤ C .
Using L∞ ⊂ BMO ⊂ B˙0∞,∞, and (1.5), we conclude that (u, θ) can be extended beyond T > 0.
Next, we assume that (1.6) holds true with 0 < r < 1.
The following proof is based on the following decomposition lemma which may be of independent interest.
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Lemma 2.1. Assume that u ∈ L 21+r (0, T ; B˙r∞,∞) with 0 < r < 1. Then u can be decomposed as




















φj ∗ u, uh := u− uℓ.






















≤ C2−(1+r)N‖f ‖B˙r∞,∞ . (2.8)
Now we choose
N = 1
1+ r log(e+ ‖f ‖B˙r∞,∞)+ 1,
then, by (2.7), we have (2.5).
On the other hand, from (2.8) we get (2.6).
This completes the proof. 





































∂jui · uh · ∂i∂judx−
∫
θe3 ·∆udx
≤ C‖∇uℓ‖L∞‖∇u‖2L2 + C‖uh‖L∞‖∇u‖L2‖∆u‖L2 + ‖θ‖L2‖∆u‖L2
≤ 1
2
‖∆u‖2L2 + C‖∇uℓ‖L∞‖∇u‖2L2 + C‖uh‖2L∞‖∇u‖2L2 + C
which gives
‖u‖L2(0,T ;H2) ≤ C,
and thus
‖u‖L2(0,T ;L∞) ≤ C .
Using (1.5) again, we conclude that (u, θ) can be extended beyond T > 0.
This completes the proof. 
66 J. Geng, J. Fan / Applied Mathematics Letters 25 (2012) 63–66
References
[1] A. Majda, Introduction to PDEs and Waves for the Atmosphere and Ocean, in: Courant Lecture Notes in Mathematics, vol. 9, AMS/CIMS, 2003.
[2] D. Chae, Global regularity for the 2D Boussinesq equations with partial viscosity terms, Adv. Math. 203 (2006) 497–513.
[3] J. Fan, T. Ozawa, Regularity conditions for the 3D Boussinesq equations with partial viscosity terms (2007) (under review).
[4] J. Fan, Y. Zhou, A note on regularity criterion for the 3D Boussinesq system with partial viscosity, Appl. Math. Lett. 22 (5) (2009) 802–805.
[5] J. Fan, T. Ozawa, Regularity criteria for the 3D density-dependent Boussinesq equations, Nonlinearity 22 (2009) 553–568.
[6] B. Dong, J. Song, W. Zhang, Blow-up criterion via pressure of three-dimensional Boussinesq equations with partial viscosity, Science China Math. 40
(12) (2010) 1225–1236.
[7] H. Triebel, Theory of Functions Spaces II, Birkhäuser, Basel, 1992.
[8] H. Kozono, Y. Shimada, Bilinear estimates in homogeneous Triebel–Lizorkin spaces and the Navier–Stokes equations, Math. Nachr. 276 (2004) 63–74.
[9] Q. Chen, C. Miao, Z. Zhang, On the uniqueness of weak solutions for the 3D Navier–Stokes equations, Ann. Inst. H. Poincaré Anal. Non Linéaire. 26 (2009)
2165–2180.
